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HOPF MANIFOLDS AND SPECTRAL GEOMETRY
BY
KAZUMI TSUKADA

ABSTRACT. We characterize Hopf manifolds in the class of Hermitian manifolds by
the spectra of the real Laplacians and the complex Laplacians.

1. Introduction. Let M be an n-dimensional compact connected Hermitian mani-
fold. We define two differential operators on M i.e., the real Laplacian A, acting on
r-forms and the complex Laplacian 0J, ; acting on forms of type (p, q) (cf. §3). We
denote by Spec(M, A,) (resp. Spec(M, 0, ) the set of eigenvalues of A, (resp.
d,,,) enumerated with multiplicity. It is an interesting problem whether the
spectrum of the Laplacian determines the geometry of the manifold. In this note we
study the spectral geometry of Hermitian manifolds known as the Hopf manifolds
which are not Kaehler.

DEFINITION OF THE HOPF MANIFOLDS M, (CF. E. BEDFORD AND T. SuwA [1]). Let
W be the n-dimensional complex vector space C" = {z|z = (z,,...,2,)} minus the
origin; W = C" — {0}, and let a be a complex number with 0 <|a |< 1. The Hopf
manifold M, is defined as M, = W/G,, where G, is the group generated by the
analytic automorphism z — az, z € W. M, is well known as an example of a
compact complex manifold which does not admit Kaehler metrics. On the manifold
M,, there is a natural Hermitian metric given by

n n

g=lzI7? ¥ dz;dz;,  Nzl*= 3 2%,
j=1 k=1

From now on we think of M, as a Hermitian manifold with this metric.

E. Bedford and T. Suwa [1] described explicitly the eigenvalues of A and (J;, on
the Hopf manifolds M,. They also obtain some isospectral results in the class of the
Hopf manifolds.

In this paper, we show

THEOREM. Let M, be an n-dimensional (n = 3) Hopf manifold with — 7 Relog a >
1/2V2n + 1. If a compact connected Hermitian manifold M satisfies Spec(M, A,) =
Spec(M,, A,) and Spec(M, O, ) = Spec(M,, 1, ;) for r = 0,1 and (p, q) = (0,0),
0, 1), (1,0), then M is biholomorphically isometric to M,,.
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610 KAZUMI TSUKADA

2. Some classes of Hermitian manifolds. We define two classes of Hermitian
manifolds, i.e., semi-Kaehler manifolds and l.c.K. manifolds. Let (M, g, J) be a
Hermitian manifold with Hermitian metric g and complex structure J and Q be the
2-form defined by Q( X, Y) = g(JX, Y), which is called the fundamental 2-form of
(M, g, J).

DEFINITION 2.1. An n-dimensional Hermitian manifold (M, g, J) is called semi-
Kaehler if it satisfies 8Q = 0 or, equivalently, dQ" ' =0, where 8 denotes the
codifferential operator with respect to the metric g.

For examples of semi-Kaehler manifolds, we refer to P. Gauduchon [4] and A.
Gray [7), etc.

DEerFINITION 2.2. A Hermitian manifold (M, g, J) is called locally conformal
Kaehler (1.c.K.) if its metric is conformally related to a Kaehler metric in some
neighborhood of every point of M.

An interesting example of 1.c.K. manifolds is given by the Hopf manifolds M,. A
characterization of the l.c.K. manifolds is

(*) dQ =20 A Q,
where w is a well-defined closed 1-form called the Lee form (cf. 1. Vaisman [14]). For

l.c.K. manifolds, we refer to I. Vaisman [14, 15] and T. Kashiwada [8], etc.
Here we recall the Hermitian connection on Hermitian manifolds.

ProposITION 2.3 (KOBAYASHI AND Nowmizu [9]). On a Hermitian manifold
(M, g, J), there exists a unique linear connection v which satisfies the following
properties.

(1) gand J are parallel,i.e., Vg =0and v J = 0.

(2) The torsion tensor S is pure in the following sense: S(JX,Y) = S(X, JY) for all
vector fields X, Y on M.

The linear connection defined in Proposition 2.3 is called the Hermitian connection
of the Hermitian manifold M.
Let (z,,...,z,) be a local coordinate system for M and set

85 = 8(0/02,,0/02p).
We denote by (g#*) the inverse matrix of ( 8.3)- Then we have the following

formulas for covariant differentiation:

9
Va/az( ) 2 aﬁa Va/az'aa_ZB:O’

where
Ay 9gpa
0z

o,

I
> M
Y

The torsion tensor S is given by

ap = Lap — Tda-



HOPF MANIFOLDS AND SPECTRAL GEOMETRY 611

We define a new tensor field T of type (1,2) by
15, = 5+ ( S50y - S0/ (n = 1),
n
15, = 5§, + | Ssfiog ~ Tskas ) /1)
n

and other Tj- = 0.
We define a 1-form

9=306,d, + 36 dz,
a a

by
9, =35}, and 0;= Sk
A B

PROPOSITION 2.4. Let M be an n-dimensional Hermitian manifold and S the torsion
tensor of the associated Hermitian connection. Then:

(1) S vanishes if and only if M is Kaehler.

(2) The 1-form @ vanishes if and only if M is semi-Kaehler.

(3) When n = 3, the tensor field T vanishes if and only if M is l.c.K..

PROOF. (2) After straightforward calculations we obtain 8( X) = §Q(JX).
(3) T=0 implies that the 1-form 6 is closed. The torsion tensor S and the
fundamental 2-form Q are related by

(dQ)apy = %\/—_lgwsi‘ﬂ’ etc.

Therefore if we set w = —8/2(n — 1), T = 0 is equivalent to the formula (x).

REMARK (i). On a 2-dimensional Hermitian manifold M, T vanishes identically. In
this case, in order that a 2-dimensional Hermitian manifold be 1.c.K., it is necessary
and sufficient that the 1-form 6 be closed.

REMARK (ii). It follows by Proposition 2.4 that if a Hermitian manifold M is
semi-Kaehler and 1.c.K., then M is Kaehler (cf. Vaisman [16]).

We denote by 7 and 7 the scalar curvatures with respect to the Riemannian
connection and the Hermitian connection, respectively. We set Sg, \ = V55,
where V¥ is the covariant differentiation of the Hermitian connection. Then we have
the following.

PROPOSITION 2.5.
(1) T=7F— 185 SF — 2SSt + 285 4,
where Sg,, Sg, etc. stand for 8,3 gﬁﬁgV'ES;ySﬁ;‘E, etc.
() If dim M = 3, then
Sg S — (2/n— 1)SA,SE=0
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and the equality holds everywhere if and only if M is |.c. K. Moreover, assume that M is
compact and denote by dV, the volume element with respect to the Riemannian metric
g. Then

(3) [ Sk av, = [ Sipidv
(4) fM7 dv, = fo dv, — % fMS;,S,§7 vy,
(5) /Mi dv, >fMTdVg

with equality if and only if M is Kaehler.

PRrOOF. (1) is obtained by straightforward calculations.
(2) Computing the length of the tensor field T, we have this inequality.
(3) Calculating 86 and 82§, we have

86 = 28}, Sk — S% 5~ S, and 8% ;— S%=0.

Qa a, a

Therefore we obtain
- 1
A QR — a - = — =
'/]'WSAGSM'I dVg fMSaB'BdVg > fMSOdVg 0.

(4) is obvious by (1) and (3).
(5) follows from (4).

3. The asymptotic formulas for the Laplacians. Let M be an m-dimensional
compact Riemannian manifold and A'(M) be the space of exterior r-forms defined
on M. We denote by d and § the exterior differential operator and its formal adjoint
operator with respect to the Riemannian metric, respectively. The real Laplacian A,
acting on A’( M) is defined by A, = dé + dd.

Let {N}, X,...} be the spectrum of A, and let

o0

[e o]
3 cxp(—t}\’j) ~ (47rt)—m/2 > agtk
j=1 1= +0 k=0

be the asymptotic expansion. Then we have

THEOREM 3.1 (M. BERGER [2] AND V. K. PaTODI [11]).
— — 1 0 — 1 2 2 2
ag—fMdVg, a?—ngTdVg, az——@stf ~2|p[2+2|RPdV,,

ah = m/MdVg, a, = m_6—_6 fMTdVﬂ’

M 2 _ 2 4 2 _ 1 RI2— 24 92.24V
al 360/M57 20pf +2|RP @V, =55 [ |RF = 6lp 207V,
where T, p, R denote the scalar curvature, the Ricci tensor and the curvature tensor,

respectively.
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The coefficients a, aY, and a) were computed by M. Berger [2] and the
coefficients ay, a}, and a, were computed by V. K. Patodi [11]. Some of the other
coefficients aj, are computed by V. K. Patodi [11] and T. Sakai [12], etc.

Let M be an n-dimensional compact Hermitian manifold. For 0 < p, g < n, let
AP9(M) be the space of complex-valued (p + ¢)-forms of type (p, ¢). We denote
by 9 the differential operator 9: A”*%( M) — AP9*'(M) and by # its formal adjoint
operator with respect to the Hermitian metric. With these, we define the complex
Laplacian to be

0,,=0% + 93

(cf. Morrow and Kodaira [10]).
Let {A{"9, A%9,...} be the spectrum of [J,  and let

0 o0
2 exp(—tA2) ~ (4mt)" X bpu
j=1 =~ +0 k=0

be the asymptotic expansion. Then we have

THEOREM 3.2 (P. GILKEY [5] AND H. DONNELLY [3]).

b0 = (2" /12){2K — K, + 6K,} = (2" /6){K + 3K,},

b0 = (2" /12){2(n — 3)K — nK, + 6nK,}
=(2""'/12){2(n — 3)K — 3K, + 6nK,},

b) =(2""'/12){2(n — 3)K +(12 — n)K, + 6(n — 4)K,}
=(2""'/12){2(n — 3)K + 9K, + 6(n — 4)K,},

Il

where K = [,,1dV,, K= [y #dV,, K|, = [,S5,Sf dV,, K, = [,,S,Stz dV, and ,
¥, S denote the scalar curvature with respect to the Riemannian connection, the scalar
curvature and the torsion tensor with respect to the Hermitian connection, respectively.

P. Gilkey has computed 5%°, b'°, and b?' using the other invariants in [5]. H.
Donnelly has asserted that bf{*? should be described by the invariants of the
Hermitian connection and has calculated the relations between Gilkey’s invariants
and the Hermitian invariants.

COROLLARY 3.3. Let M and M’ be compact connected Hermitian manifolds. Assume
that Spec(M, O, ) = Spec(M’, 0, ) for (p, q) = (0,0), (0, 1), and (1,0). Then:

(1) M is Kaehler if and only if M’ is Kaehler.

(2) M is semi-Kaehler if and only if M’ is semi-Kaehler.

(3) When dimc M =3, M is l.c.K. if and only if M" is l.c.K.

PrROOF. By Theorem 3.2, we have

| SiStav, = [ ssgav,
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and

(3

N sigy = [ shsi
fMSMSM av, /M,SMS av,,

which, together with Proposition 2.4, imply these results.

REMARK. Under the same condition as Corollary 3.3, P. Gilkey proved that M is
Kaehler if and only if M’ is Kaehler in [S]. Corollary 3.3 shows that the same results
hold in the case of semi-Kaehler manifolds and l.c.K. manifolds.

COROLLARY 3.4. If Spec(M, ], ,) U Spec(M, O,) = Spec(M, 3A,), then M is
Kaehler.

ProOOF. By Theorems 3.1 and 3.2, we have K|, + 2(n — 2)K, = 0. Whenn =1, M
is always Kaehler. When n = 2, since K|, = 0 and (n — 2)K, = 0, we have K, = 0.
Therefore M is Kaehler.

REMARK. T. Tsujishita [6] proved that if Spec(M, O,,) = Spec(M, 74,) and
Spec(M, O, ) U Spec(M, O, ) = Spec(M, 34,), then M is Kaehler. The author
showed that if Spec(M, O,,) = Spec(M, 34,), then M is semi-Kaehler [13].

4. P,K-manifolds. Vaisman [15] has studied the geometric structure of the particu-
lar classes of 1.c.K. manifolds, i.e., PK-manifolds and P, K-manifolds. In this section
we will study the geometric structure of P, K-manifolds precisely.

DEFINITION 4.1 [15]. An L.c.K. manifold is called a PK-manifold if its Lee form is
parallel with respect to the Riemannian connection. If, moreover, the local confor-
mal Kaehler metrics have vanishing curvature, the manifold is called a P, K-manifold.

The Hopf manifolds are the typical examples of Py K-manifolds. We will construct
other examples of PK-manifolds. Let S be a Sasakian manifold with the Sasakian
structure (¢, &, 7, g), where ¢ is a tensor field of type (1,1), £ a vector field, n a
1-form and g a Riemannian metric on S. We introduce an almost complex structure
J on S X R in the following manner: J(X + fd/dt) = ¢X + f§ — n(X) d/dt, where
X is a tangent vector field of S, ¢ the coordinate of R and f a differentiable function
on S X R. This almost complex structure is integrable, and (S X R, J, ) is a
Hermitian manifold, where g is the product metric. Moreover it is l.c.K. with Lee
form w = —dt. It is easily seen that the Lee form is parallel. Thus we obtain examples
of PK-manifolds.

Conversely Vaisman proved the following theorem.

THEOREM 4.2 (VAISMAN [15]). (i) The universal covering space of a connected
complete PK-manifold is a product space S X R of a simply connected complete
Sasakian manifold S and the real line R.

(i1) The universal covering space of a Py K-manifold is C" — {0} with metric

8= (Cz/ 2 Zkz_k)
k=1

where c is a positive constant.

2 dzjdz'j,
=1

j‘ E

Let M be a connected complete PK-manifold with Lee form « and M be the
universal covering space of M. We denote by 7 the projection map 7: M — M. Then
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M is also 1.c.K. and its Lee form & is given by & = m*w. By Theorem 4.2, we have
M=SXRand & = -dt.

LEMMA 4.3. Let T be the deck transformation group of the covering m: M — M. Then
any ® €T is given by ®(x,t) = (p(x), t + b) for (x,1) €S X R, where @ is an
automorphism of the Sasakian manifold S and b € R.

PROOF. ® is a biholomorphic isometry on the 1.c.K. manifold M and hence we
have ®*& = &. Since & = —dt, we get D*(-dt) = —dt and d(®*t — t) = 0. Therefore
we have ®*r =t + b. As ® is a biholomorphic isometry, ® transforms S X {t} to
S X {t + b} preserving the Sasakian structure. From this we easily see that Lemma
4.3 holds.

By Lemma 4.3 we can introduce naturally a homomorphism of T' to R, which we
denote by o. Namely, we define o by o(®) = b if ®*# = ¢+ b. Kero is a group
acting on § X R freely and properly discontinuously. We especially regard Ker o
as a group acting on S freely and properly discontinuously. Therefore S X
R/Kero = S X R, where S is a Sasakian manifold given by S/Kero. We set
I =T /Kero. Regarding T' as the deck transformation group of the covering
SXR-> M, wehave M = S X R/T.

LemMA 4.4. If S is compact, then T is an infinite cyclic group generated by one
generator.

PrROOF. I is isomorphic to the subgroup o(I') of R. We show that o(I') is a
discrete subgroup of R. Unless o(I') is discrete, there exists a family of deck
transformations {®,} such that lim,_ , 0(®,) = 0. By Lemma 4.3, ®, is given by
D, (x,1t) = (¢,x), t + a(®,)), where ¢, is an automorphism of the Sasakian mani-
fold S. For each x € S, there exists a convergent subsequence @, (x) such that
lim,_ , ¢, (x) =y for some point y € S, because S is compact. Therefore we have
lim;_ o ®,(x,0) = lim,_, (¢, (x), 6(®,,)) = (»,0), which is a contradiction to the
fact that I is a deck transformation group. Thus o(I') is a discrete subgroup of R
and hence o(T') is an infinite cyclic group generated by one generator and sois I'.

Especially by Lemma 4.4 we have

PROPOSITION 4.5. Let M be a compact connected PyK-manifold with the Lee form of
the constant length 1. Then M is S X R /T, where S is a compact Sasakian manifold of
constant sectional curvature 1 and T is an infinite cyclic group generated by ®. Here ®
is given for (x,t) € S X R by ®(x, t) = (¢(x), t + b), where @ is an automorphism
of the Sasakian manifold S and b is a nonzero real number.

We will consider the case when S is $?"~!(1). Let W be C" — {0} with metric
lzII27_, dz; dz,. We denote by g, , the following biholomorphic isometry on W:
e2m‘a|

e21ria2

2mia,
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where b >0 and a = (q,, a,,...,a,), ~3<a,<a,< --- <a, <73. We denote by
G, , the infinite cyclic group generated by g, ,. Obviously G, , acts on W freely and
properly discontinuously. Thus M, , = W /G, , is an n-dimensional Hermitian mani-
fold and, moreover, it is a PyK-manifold. We note that when a, = a,
= ---=a, = a, M, ,is a Hopf manifold M, with a = ¢~27(b~i®),

The automorphism group preserving the Sasakian structure of $2"~ (1) coincides
with the unitary transformation group U(n) of C” restricted to S2”!(1). For any
unitary transformation 4 € U(n), there exists U € U(n) such that

eZwia,

2mia,

e
U 'AU =

e27ria,,
By these facts and Proposition 4.5, we have

PROPOSITION 4.6. If M satisfies the assumptions of Proposition 4.5 and, moreover,
S = §*"7!(1), then M is biholomorphically isometric to an M, ,.

5. Eigenvalues on M, ,. In this section we will show

PROPOSITION 5.1. Let M, be a Hopf manifold with a = e *"*~'9) Assume that
b>1/2/2n+ 1. If Spec(M, ,, Ay) = Spec(M,, Ag) and Spec(M,. ., O4)
= Spec(M,, O,), then M, . is bi- (or anti-) holomorphically isometric to the Hopf
manifold M.

We will prove the above result by comparing the eigenvalues of M, and M, ,.. As
preliminaries, we review the results obtained by Bedford and Suwa [1]. Let A be the
standard Laplacian on C". Let H, , be the space of harmonic polynomials of type
(p, q), i.e., the polynomials fon C" such that Af = 0 and f(z) = 2, -, 1=, G, 2",
where p = (g, #s,--.,M,) and v = (v, »,,...,»,) are n-tuples of nonnegative in-
tegers, | p|= Z)_ ;. |v|= Sio v and 2 = zpizhe ol B = g5

LEMMA 5.2 (BEDFORD AND SUWA [1]). For f € H,, , and for a complex number vy, on
W,

Ooo(lzlf) = (=3v* = (p + @)y + 2g(n — D)lIzII"f,

and
Ao(llzllf) = (—v* +2(p + q)(n = 1 = )lzII"Y.
THEOREM 5.3 (BEDFORD AND SUWA [1)). (i) The eigenvalues of (1, on M, are
Yp+q)+(120%)(a(p—q) — k) +2q(n—1), pq€L’. kEL
(ii) The eigenvalues of A, on M, are
(p+a)p+q+2n—2)+(1/6*)(alp—q)— k), p.g€Z", kEL,
where " denotes the set of nonnegative integers and 7L denotes the set of integers.

LEMMA 5.4. Let M, be a Hopf manifold which satisfies the assumption of Proposition
5.1. If Spec(M,. ,, Ag) = Spec(M,, Ay), b’ = b and (a})* = a* for any j.
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PRrOOF. If Spec(M, ,,, A,) = Spec(M,, A,), then the volumes of M, ,, and M, are
the same (cf. Theorem 3.1). Since Vol(M,, ,) = 27’ Vol(S?*~!(1)) and Vol(M,)
= 27b Vol(§?"~ (1)), we have b’ = b. By Theorem 5.3, it is easily seen that when
b>1/2/2n + 1, a*/b* + 2n — 1 (with multiplicity 2n) and k> /b for some k € Z
are the only eigenvalues of A, on M, that are contained in the open interval (0, 4n).
Here we will show that (a))?/b"> + 2n — 1 € Spec(M,. ;, A,) for j = 1,...,n and
k2/b* € Spec(M,, ,, Ay) for k €Z. If y=-1+ia)/V, then |Iz|z; is Gy u-
invariant. Therefore, by Lemma 5.2, ||z||z; is an eigenfunction of A, on M, ,, with
eigenvalue (a)’/b> + 2n — 1. Similarly, for y = -1 —iaj/b’, llz||"Z; is an eigen-
function with eigenvalue (a})?/b”> + 2n — 1. Moreover, when y = -ik /b’ for k € Z,
lzIl" is G, ,-invariant and is an eigenfunction of A, on M, , with eigenvalue
k*/b. Since b’ = b >1/2y2n + 1, we have 0 < (a})*/b”* + 2n — 1 < 4n. Com-
paring the eigenvalues which are contained in the open interval (0,4n), we obtain
(a))* = a*for allj.

REMARK. Let M, be a Hopf manifold with a = 7"~/ If we put a, = -| a| for
j=1...,0l and a;=|a| for j=1+1,...,n, then M, , is isometric to M, as a
Riemannian manifold and hence Spec(M, ,, A,) = Spec(M,, A,). But, in general,
M, , is not biholomorphic to M,,.

LEMMA 5.5. For a Hopf manifold M,, let M, , be the manifold defined in the remark.
Assume, moreover, that 1 <I<n— landa # 0, - 5. Then

Spec(M, ,, Oo) # Spec( M, Ogp)-

Proor. We consider the case when a = (-a,...,-qa, a,...,a). The case a =
(a,...,a,-a,...,—a) is similar. First we will show that k?/2b%, 1 + (a + k)?/2b?,
and 2 + k?/2b* € Spec(M, ,, O,) for k € Z. By the same argument as in the
proof of Lemma 5.4 we have on M, , the following:

functions Y eigenvalues of [,
iz ik /b k?/2b*
Izll*z; -1 —i(a+k)/b $+ (a+ k)?/26
forl <j;</
2"z, -1 —i(a—k)/b 1/2 + (a — k)*/2b?
forl+1<j<n
lz117z;z;
forl <i<l -2+ ik/b 2+ k%/2b?

and/+1<j<n

By Theorem 5.3(i) and the above results, we see that Spec(M,,[,,) and
Spec(M, ,, 0,) have in common the eigenvalues k2/2b* and 1/2 + (a + k)?/2b*
for k € Z. We remove these eigenvalues from Spec(M,,, U ) and Spec(M, ,, ),
respectively, and denote the remainders by §pec(Ma, Ogp) and S'Ipec(M,,b, Ooo)s
respectively. We will show that if A € Spec(M,, O 00)> thenA > 2. Whenp + ¢ =3,
(p+ q)*/2 + (a(p — q) — k)?*/2b* + 2g(n — 1) =% > 2 and when ¢ = 1 the cor-
responding eigenvalues are greater than 2(n — 1) and hence greater than 2. For
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p=2 and ¢ =0, the corresponding eigenvalues are 2 + (2a — k)?/2b%. Since
a # 0, — 3, these eigenvalues are actually greater than 2. The eigenvalues for p = 1
and g =0 or p =0 and g = 0 are already removed. Thus we have A > 2 for any
A € Spec(M,, Ogp). However ‘spec(Ma,,,, Uyo) contains 2. In fact when y = -2,
llz11"z;z; is an eigenfunction of U,, on M, , with eigenvalue 2 for 1 <i </ and
[ + 1 <j < n. Therefore we obtain Spec(M, ,, () # Spec(M,, ;).

PROOF OF PROPOSITION 5.1. By Lemmas 5.4 and 5.5 we see that M, ,. is
biholomorphically isometric to M, or to M;, where a is a complex conjugate of a.

REMARK. Since

Spec(M,, 4,) = Spec(M;, 4,)
and
Spec(M,, Og,) = Spec(M;, Do)
we cannot distinguish between M, and M; by the spectrum of A, and OJ .

6. Proof of Theorem. Using the asymptotic invariants we will prove first that M is
also a PyK-manifold. Secondly, comparing the eigenvalues, we obtain the result.

PROPOSITION 6.1. Let M and M’ be compact connected Riemannian manifolds with
dimg M = m (= 4). Assume that M’ is conformally flat and has a constant scalar
curvature 7'. If Spec(M, A,) = Spec(M’, A,) and Spec(M, A,) = Spec(M’, A)), then
M is also conformally flat and has the same constant scalar curvature T. Moreover
IulePdV,= [y |0 dVy.

PROOF. Let C and C’ be the Weyl conformal curvature tensors of M and M’,
respectively. Since a9 =a%’ and d) = a4, using the formula |C|>=|R|* —
41p>/(m—2) + 272 /(m — 1)(m — 2) and Theorem 3.1 we have

13m3 — 67m? + 100m — 36
) 2 4 2L dv,
fM{S('" )l (m — 1)(m —2) T} €
(*) 3 2
13m°> — 67m~ + 100m — 36
= —2)|CP+ 2L av,.
fM{S(”’ )¢l (m—1)(m-2) } 8

We note that 13m> — 67m? + 100m — 36 > 0 when m = 3. Since 7’ is constant,
ad = ay and af = a}® imply that [, 7>dV, = [,, > dV,. In fact, using Schwarz’s
inequality, we have

/MdVg /Mfz av, = ( fMT dVg)z = ( /M,T'dVg,)z = 7'2( fM,dVg/)z

= /M’dVg, fMl’T/Z dv, = fMdVg fMI’TIZ dv,.

Moreover since M’ is conformally flat (i.e., C’ = 0), it follows from () that M is
conformally flat and has constant scalar curvature 7 = 7’. From these results and
a9 = a2, we obtain [y, | p 2 dV, = [p.| 0" |* dV,.
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LEMMA 6.2. Let (M, g) be an n-dimensional (n = 3) conformally flat l.c. K. manifold
with Lee form w. Then

(1) Pjizz(”_ 1)(_Vj‘*’i_“’j“’i+ |w|2gji) +8ngi’
) 1=22n—1)8w+2(n—1)2n— 1) ||,

3) loP=4(n—1)7|vol+8(n—1) V0w’ +4(n — 1)(4n — 3)| @ 0w
+4(n—1)°’@n—1)|e|* +2(3n — 2)(80)’,

where ¥ denotes covariant differentiation with respect to the Riemannian connection of
(M, g). Moreover if M is compact, then

o 1
) [M v ol dV, = 5 fM| w20 dv,,
2
(5) [)varar,==2) [ |ofsedr,+ [ (8) a¥,.

PrROOF. By the usual calculations of the conformal changes of Riemannian
metrics, we get (1), (2), and (3). Integrating the equation

8(|wfw) = -2V w0’ + |0[* 8w

on M we obtain (4). The integral formula
/M{I V| — (84.0)2 —ildw > + pj,wfwi} av,=0,
together with (1) and (4) implies (5).

PROPOSITION 6.3. Under the assumptions of Theorem, M is also a PyK-manifold and
the length of its Lee form w is 1.

PrROOF. We note that the Hopf manifold M, is a P, K-manifold and the length of
its Lee form is 1. Moreover M, has constant scalar curvature 7/ = 2(n — 1)(2n — 1).
By Corollary 3.3(3), M is also l.c.K.. We denote its Lee form by w. By Proposition
6.1 M is a conformally flat manifold with constant scalar curvature 7 =
2(n — 1)(2n — 1). Let p and p’ be the Ricci tensors of M and M,, respectively. Then
Proposition 6.1 implies that [y, | p|> dV, = [y, | p’|* dV,.. Using Lemma 6.2(2), (3),
(4), and (5) and the fact that the scalar curvature v of M is constant, we obtain

2 — _ 2 1 2
fM|p| dv,=-2(n—2) fM(&o) AV + o fM'r dv,.

On the other hand,
1
r12 — ”?2
fa|p| dVg,—zn lfMa‘r av,.

Therefore we have 8w = 0 on M. From this it follows from Lemma 6.2(5) that
V @ = 0. By Lemma 6.2(2), we have |w|= 1.
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LEMMA 6.4. Under the assumptions of Theorem, M is biholomorphically isometric to
an M, ,.

PrOOF. From Propositions 4.5 and 6.3 it follows that M is S X R /I, where S is a
compact Sasakian manifold of constant sectional curvature 1 and T is an infinite
cyclic group generated by ® which is given by ®(x, 1) = (p(x), ¢t + 2ab’) for
(x,7) €S X R. Let S' be R/27b’'Z and p’ the covering p’: R - S'. Let p” be the
natural projection p”: SX R—>Rand 7 =p’ o p”: SXR > S'. Since 7o ® = 7,
we can define the mapping 7: M — S'. From the constructions we see that = is a
Riemannian submersion with totally geodesic fibres S. Let Ag be the Laplacian
acting on A°(S). We naturally regard A as a differential operator acting on
A%(S X R). Since ®*Ag = Ag, we can regard Ag as a differential operator acting on
A°(M). From the constructions we see that AjAg = AgA,, where A is the real
Laplacian of M acting on A%(M). Moreover we have (Agf,, £,Y= (f,, Agf,) for f,
and f, € A°(M), where { , ) denotes the scalar product in A°%(M). Let V, be an
eigenspace of A, on M corresponding to the eigenvalue A. Then V), is decomposed as
Vi = V(i) + -+ +Wpg), where Agf=p,f for f€ V(p) and p, >py
> -+ >py = 0. We easily see that A > p, for j = 0, 1,...,k and p, is an eigenvalue
of A acting on A%(S). If ¥, = V(p,), for f € V, there exists an eigenfunction f* of
—d?/dt? on S' such that 7*f* = f and, in particular, we have A = k?/b"* for k € Z.
Under the above preliminaries, we will show that S is isomorphic to $2"~'(1). If S is
not simply connected, we have p; > 4n for j # 0. Therefore we have A > 4n unless
¥\, = V(e). Hence Spec(M, A,) contains in the open interval (0, 4n) only eigenval-
ues that are of the form k2/b? for some k € Z. In particular, there exists no
eigenvalue of A, on M with multiplicity 2 in the interval (0, 4n). On the other hand,
if b>1/2y2n + 1, then Spec(M,, A,) contains in (0,4n) the eigenvalue a®/b* +
2n — 1 with multiplicity 2n. This is incompatible with Spec(M,, A,) = Spec(M, A,).
Therefore S is simply connected. Hence it follows from Proposition 4.6 that M is
biholomorphically isometric to an M, ,.

PROOF OF THEOREM. Lemma 6.4 and Proposition 5.1 bring the proof of Theorem
to completion if we note the following fact.

LEMMA 6.5. Let a be the complex conjugate of a and assume that o + a. Then
Spec(M,,, O ,,) # Spec(Mg, Uy ).

PrROOF. Suppose that Spec(M,, ) = Spec(Mz, U,,). Since Spec(Mz, U, ,)
= Spec(M,, 0, ), we have Spec(M,, O, ;) = Spec(M,, J,,). Hence the asymp-
totic invariants b and b}° coincide on M,. Therefore it follows that

SeSEdV, —2 [ S)SE.dV,=0.
/Ma BY BT “7g ‘[;m, AoPpa Vg
However on M,
a Q& _ A Qp — — —
j}‘wSBvSEv' av, 2-/;4&‘"55& dv,=-4(n—1)(n —2) Vol(M,),

which is a contradiction.
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